A group is properly 3-realizable if it is the fundamental group of a 2-polyhedron whose universal covering is proper homotopy equivalent to a 3-manifold. Our main result states that a finitely presented group which is properly 3-realizable and qsf has pro-(finitely generated free) fundamental group at infinity and has semi-stable ends. We conjecture that the qsf assumption is superfluous.
Introduction
The aim of this paper is to extend the criterion from ( [12, 15] ) to the case of 3-manifolds with boundary. Despite the fact that there are similarities in the proofs, the case where manifolds have non-compact boundary components presents some new and interesting features. As an immediate application we obtain a characterization of those finitely presented groups that are both properly 3-realizable and qsf.
We start with Definition 1.1. A polyhedron P is weak geometrically simply connected (wgsc) if it admits an exhaustion by compact connected sub-polyhedra P 1 ⊂ P 2 ⊂ · · · such that π 1 (P n ) = 0, for all n. It is an immediate consequence of Smale's theory that an open manifold of dimension at least 5 which is wgsc is actually gsc. Moreover, in dimension 3 the wgsc condition implies that the manifold is simply connected at infinity. The results of [12, 15] support the idea that the wgsc is a proper homotopy property and thus one can homotopically detect the simple connectivity at infinity of 3-manifolds.
1. f has no index one critical points; and 2. the restriction f | ∂W : ∂W → R is still a proper Morse function without non-fake index one critical points.
The non-fake critical points of f | ∂W are those for which the gradient vector field grad f points towards the interior of W , while the fake ones are those for which grad f points outwards.
The analogue definition in the polyhedral category is as follows: Definition 1.5. A polyhedron P is pl-gsc if it admits an exhaustion by compact connected sub-polyhedra P 1 ⊂ P 2 ⊂ · · · such that π 1 (P n ) = 0 and π 1 (P n+1 , P n ) = 0, for all n.
This definition is consistent with the previous ones, since by using Smale's theorem again we have that a noncompact manifold of dimension n ≥ 6 is pl-gsc iff it is gsc. Moreover the wgsc and pl-gsc are equivalent for open manifolds without any dimensional restrictions. This is not anymore the case when we consider manifolds with boundary, where the pl-gsc is stronger than the wgsc. Definition 1.6. The standard model is the missing boundary manifold obtained from S 3 by first deleting a tame compact 0-dimensional set and further deleting a number of open balls and properly embedded open half-spaces. Theorem 1.1. A non-compact 3-manifold which is proper homotopy equivalent to a pl-gsc polyhedron is homeomorphic to the standard model. In particular, the fundamental pro-group at infinity of each end is pro-(finitely generated free).
Observe that the fundamental pro-group of an end is pro-freely generated by the classes of large loops embedded in the boundary planes contained in that end.
A strong motivation for this theorem was its application for characterization of some properly 3-realizable finitely presented groups. Lasheras introduced and studied this class of groups in [17, 8, 7] . Definition 1.7. A finitely presented group Γ is properly 3-realizable (abbreviated P3R) if there exists a compact 2-dimensional polyhedron X whose fundamental group is Γ and the universal covering X is properly homotopically equivalent to a 3-manifold W 3 .
In general, W 3 is a non-compact 3-manifold with non-compact boundary. Notice that the universal covering X of an arbitrary compact polyhedron X is proper homotopy equivalent to a 4-manifold, because up to proper homotopy a simply connected 2-polyhedron embeds into R 4 .
Lasheras ([17] ) proved that if Γ is a one-ended finitely presented group whose fundamental pro-group at infinity is pro-(finitely generated free) and semi-stable, then G is P3R. In particular, any finitely presented group Γ which is simply connected at infinity (and is additionally torsion-free when it is not one-ended) is P3R. On the olther hand, products of (infinite) finitely presented groups are always P3R, and the P3R property is preserved when passing to subgroups of finite index. Moreover, the property of being P3R is closed under amalgamated products (and HNN extensions) over finite groups (see [9] ).
Our main goal is a complete characterization of the class of P3R groups. We expect the following to be true.
Conjecture 1.
A finitely presented group is P3R iff each one of its ends is semi-stable and has pro-(finitely generated free) fundamental group at infinity. In particular, a finitely presented P3R group admits a universal covering that is proper homotopy equivalent to the standard model.
We shall prove the conjecture in a particular case, namely when the group under consideration satisfies an additional hypothesis related to the geometric simple connectivity. In order to explain this we have to introduce, following Brick, Mihalik ([3] ) and Stallings ([22] ), the following tameness condition for groups and spaces. Definition 1.8. A space X is qsf if for any compact C ⊂ X there exists a connected and simply connected compact K together with a map f :
A finitely presented group Γ is qsf if there exists a (equivalently, for every) compact polyhedron P with fundamental group Γ such that the universal coveringP is qsf.
The condition qsf is a rather mild assumption on finitely presented groups. There are still no known examples of groups which do not have the qsf property and most classes of known groups, as hyperbolic, semi-hyperbolic, automatic, tame combable etc, are qsf.
If a finitely presented group is P3R and qsf then all of its ends are semi-stable and have pro-(finitely generated free) fundamental group at infinity. Remark 1.1. Notice that there exist groups that are P3R but which are not fundamental groups of 3-manifolds (see [8] ). For instance any ascending HNN extension of a finitely presented group is P3R ( [17] ). Moreover, for any finitely presented group G the direct product G × Z is always P3R (according to [7] ).
This conjecture would have as a consequence the fact that the universal covering of an irreducible closed 3-manifold with infinite fundamental group should be R 3 , because it has to be simply connected at infinity. If the closed 3-manifold above was also supposed to have a nontrivial boundary then it would be Haken and thus geometric. In particular, if atoroidal, this implies that that the universal covering is the standard model above obtained geometrically by deleting horoballs from the hyperbolic 3-space.
Another consequence of the conjecture would be that all 1-relator groups are P3R. Notice that 1-relator groups are qsf.
If the 3-manifold W 3 associated to a P3R and qsf group has compact boundary components then one expects more rigidity. In fact, one can derive directly from [12, 15] Proviso: We will use in the sequel the fact that there are no fake homotopy disks in dimension 3, as the Poincaré conjecture has been settled by Perelman (see [18] ).
Wgsc and gsc in dimension 3
Let W 3 be a 3-manifold with boundary which is wgsc. Thus W 3 is the ascending union of compact simply connected 3-manifolds with boundary. The boundary components of a simply connected non-compact manifold with boundary should be either 2-spheres or planes. In fact if one boundary had nontrivial genus then some nontrivial boundary loop would give a nontrivial class in the fundamental group of the 3-manifold. Let us cap the boundary spheres by 3-balls. We then obtain a simply connected closed 3-manifold. The Poincaré conjecture states then the latter is a 3-sphere. In particular, any compact simply connected 3-manifold with boundary is standard i.e. homeomorphic to a closed 3-ball with finitely many open 3-balls deleted. We call such a manifold a holed ball.
In the case of open manifolds of dimension n ≥ 5 it is well-known, as a consequence of Smale's proof of the Generalized Poincaré conjecture, that wgsc and gsc are equivalent. This is equally true in dimension 3 if one assumes the manifolds irreducible, and more generally for non-compact manifolds admitting boundary, when each boundary component is compact. However, this equivalence fails for more general non-compact manifolds with non-compact boundary. In dimension 3 the wgsc condition is essential in order to derive the simple connectivity at infinity and thus the tameness of the respective open manifold. First, we have to understand whether the wgsc is sufficient for tameness in the non-compact case.
Consider therefore a wgsc non-compact 3-manifold W 3 . Then W 3 is the ascending union of holed balls. There are some obvious restrictions on the exhaustion, as those listed below.
The boundary components of W 3 are either 2-spheres or 2-planes. We cap off all compact boundary components of W 3 by 3-balls, so that ∂W becomes the disjoint union of 2-planes F i . This operation preserves the wgsc.
Standard arguments show that whenever W 3 is wgsc then there exists an exhaustion
However, these restrictions are not strong enough to imply the tameness of W 3 , as can be seen by the following example.
Consider the manifold W h = ∪ n≥0 B n where B n are 3-balls such that the inclusion B n ⊂ B n+1 is isotopic to the embedding of 3-balls given in the figure below.
However, W h is not a missing boundary manifold and in particular, it is not homeomorphic to
Proof. It is clear that W h is wgsc being the union of 3-balls. Moreover, its interior is the ascending union of open 3-balls and thus it is homeomorphic R 3 by an old result of Morton Brown (see [4] ). Each boundary component is also the ascending union of closed 2-disks, each included in the interior of the next, and thus homeomorphic to R 2 by the same result.
Moreover, W h is P 2 -irreducible being an ascending union of balls. We can thus apply Tucker's criterion ( [23] ) which asserts that a P 2 -irreducible 3-manifold is a missing boundary manifold iff the complement of any of its compact sub-complexes has finitely generated fundamental group. We consider
is knotted in B 1 the fundamental group Γ of its complement is not generated by the class of the meridian generating π 1 (Fr(B 0 )) = Z. Thus the fundamental group π 1 (W h − B 0 ) is an infinite nontrivial amalgamated product and hence is infinitely generated. This shows that W h is not a missing boundary manifold.
Thus the wgsc condition is too weak to imply tameness when the manifold has a non-compact boundary. We will now turn towards a stronger gsc condition, which seems more appropriate in our context: Proposition 2.2. If a non-compact 3-manifold W 3 is gsc (or pl-gsc) then it is homeomorphic to the standard model.
Proof. We follow Tucker's proof of his main theorem from [23] and prove that W 3 is a missing boundary manifold. The only difficulty we face is that Tucker's criterion was stated and proved in [23] only for P 2 -irreducible manifolds, in order for instance to get rid of fake homotopy disks. This assumption is not necessary necessary for the one-ended 3-manifolds because the Poincaré conjecture has been settled. Thus when W 3 is one-ended it is P 2 -irreducible, because there are no embedded essential 2-spheres nor embedded P 2 in a 3-ball. We will see that we can remove the irreducibility also in the multi-ended case.
By hypothesis the manifold W 3 is exhausted by simply connected compact sub-manifolds P j , which are therefore holed balls. Let us denote Fr(P n ) = ∂P n − P n ∩ ∂W . Since one obtains P n+1 from P n by adding a number of 2-handles it follows that the map induced by the inclusion
is a surjection. If W 3 is pl-gsc then this is a direct consequence of the vanishing of π 1 (P n+1 , P n ).
This implies that the algebraic assumptions stated in Tucker's theorem are satisfied, namely the complement of any compact subset has finitely generated fundamental group. Indeed if K ⊂ K n then using Van Kampen theorem we can write
From the surjectivity result above it follows that the map
Moreover, one can say more about the structure of the ends. We can refine the exhaustion {P n } n∈Z+ by taking a subsequence such that, after re-indexing, the condition χ(Fr(P n )) ≤ χ(Fr(P n−1 )) holds for all n.
Now the main result of ( [6] ) together with ( [5] , Theorem 3.4) tells us that either Fr(P n ) is a 2-ball, or a 2-sphere or else P n+1 − P n is homeomorphic to Fr(P n ) × [0, 1]. The case when we obtain a 2-ball is somewhat implicit in the proof from [6] . When the last alternative holds ( [23] , Lemma 1) shows that W 3 is a missing boundary manifold, without using any irreducibility assumptions.
The remaining case is when Fr(P n ) are unions of 2-disks and 2-spheres. The surjectivity above implies that P n+1 − P n is simply connected and hence homeomorphic to a holed ball. However, some boundary components of P n+1 − P n will also touch the boundary of W 3 along cylinders, as seen in the picture below.
Then Let us introduce the concept of geometric Dehn exhaustibility, which seems slightly weaker than the gsc. 2. f n and p n are compatible i.e. f n+1 • p n = f n , for all n.
We now have a first result valid in any dimension:
Proposition 3.1. If a manifold W 3 is proper homotopy equivalent to a pl-gsc polyhedron then W 3 is geometrically Dehn exhaustible.
The second step uses in an essential way the fact that the dimension is 3 and we are not aware of an extension to all dimensions. The propositions above settle the theorem. According to Proposition 2.2, W 3 is a missing boundary manifold. Moreover, the boundary of W 3 consists of 2-spheres and planes. This shows that W 3 is homeomorphic to the standard model. In fact, each end of W 3 has pro-(finitely generated free) fundamental group at infinity. Its generators are the nontrivial classes in the fundamental groups at infinity of the non-compact (planar) boundary components contained in this end.
Remark 3.1. From the Poincaré conjecture and [11] one gets that a 3-manifold which is simply connected at infinity is obtained from the sphere by deleting a tame 0-dimensional compact subspace. We don't know whether, more generally, any (wgsc) manifold with pro-(free) fundamental group at infinity (possibly wgsc) is obtained from a 3-manifold which is simply connected at infinity by deleting a proper collection of open 3-balls and half-3-spaces. This is the case if the manifold has pro-(finitely generated free) fundamental group at infinity. All examples we are aware of have fundamental groups at infinity which are not pro-free, since they arise by a knotting procedure that prevents the associated fundamental groups to be free.
Comments on the proof
Notice that the wgsc analogue of the propositions above hold for non-compact manifolds in any dimension by [13] . In fact, if W 3 is a non-compact manifold which is proper homotopy equivalent to a wgsc polyhedron then W 3 is Dehn exhaustible. Moreover, we have the following extension of the Dehn-type lemma proved by Poenaru (see [20] , p. 433) to non-compact manifolds: Proposition 3.3. Assume that W 3 is a non-compact 3-manifold which is Dehn exhaustible. Then W 3 is wgsc.
The proof from ( [20] , 433-438) also works in the case of non-compact 3-manifolds with boundary, with only minor modifications. For instance, one needs to consider manifolds with corners. The key point in the tower argument from [20] is Lemma 3.2. We omit the details.
Suppose that we wish to follow the lines of reasoning developed in [12, 15] where this problem was solved for open 3-manifolds W 3 . The answer is that such open manifolds have to be simply connected at infinity and thus they are obtained by deleting a 0-dimensional tame subset from the sphere S 3 , according to Edwards ([11] ). The proof given there can be adjusted with minor modifications in order to cover the case where W 3 is non-compact but each boundary component is compact.
However, in the case when ∂W is non-compact there are several new points to be addressed. Assume we have a simply connected 3-manifold W 3 with boundary, which is wgsc. As we noticed above the boundary ∂W consists of a collection of planes and spheres. Let U be the complement of the plane components. Observe that, if W 3 is Dehn exhaustible then U is also Dehn exhaustible. Indeed any compact K ⊂ U ⊂ W is covered by the image of an immersion into W 3 . We slightly shrink W 3 inside U by pushing planes towards the interior. We obtain an immersion as needed.
In particular, we can apply the results from [20] in order to obtain that U is wgsc. The proofs from [20, 15] work directly to show that U is wgsc, since the compact components do not cause any troubles. Alternatively, we can add 3-balls in order to get rid of the boundary. In particular, U is simply connected at infinity.
If W 3 was one-ended then U is also one-ended. Thus, U is homeomorphic to R 3 with a collection of closed 3-balls removed. This is because in the one-ended case the second homology of W 3 (and hence π 2 (W )) is represented by the spheres on the boundary of W 3 . Thus, after gluing to U a collection of 3-balls to kill these spheres, we get an open contractible 3-manifold which is simply connected at infinity and hence R 3 .
The main problem now is that there is not only one way to attach a plane to R 3 in order to get a boundary component. In fact many examples can be obtained by using the so-called Artin-Fox arcs (see [1] ). For instance we can associate to an Artin-Fox arc λ in R 3 a manifold with boundary W λ ⊂ R 3 such that the normal arc to W λ at the origin is isotopic to λ. Specifically consider an arc A ⊂ S 3 that is wild at one point p and has simply connected complement. The arc A − p is tamely embedded in
is a manifold with boundary that has int(M ) = R 3 and ∂M = R 2 . However M is not homeomorphic to R 3 + and actually it is not a missing boundary manifold. It is amazing that the only surfaces yielding exotic compactifications are the planes, as explained by Tucker in [24] . More examples and exotic constructions can be found in [21, 23] .
Notice that in any dimension n ≥ 4 there is only one way to add R n−1 boundary to a R n , up to diffeomorphism.
Thus it seems impossible to obtain information about W 3 using just the fact that U is standard.
Moreover, if one obtains that W 3 is wgsc, this is not enough in order to conclude that W 3 is the standard model and thus its fundamental group at infinity is the claimed one. The example W h above (see Proposition 2.1) shows that one needs to consider whether the manifold W 3 is gsc. This seems to be a more subtle question than the wgsc. The key-point is that there is only one isotopy class of embeddings of a codimension zero ball inside the interior of another ball, while there are at least as many different isotopy classes of embeddings of one 3-ball into another 3-ball as knots. Thus the gsc condition amounts to asking for ascending unions of (holed balls) with extra unknottedness assumptions for consecutive terms of the exhaustion. Fortunately, in dimension 3 we can algebraically express the unknottedness of balls, in terms of fundamental groups of pairs.
Thus, in order to improve the wgsc of the manifold to the gsc we will need to modify all the methods from [20, 12] in order to cover the relative situation of pairs of manifolds.
Proof of Proposition 3.1
We say that X is an enlargement of W 3 if i : W → X is an embedding and there exists a proper retraction r : X → W such that r • i = 1 W . Following ( [12] ) it is enough to prove the proposition in the case when W 3 has a gsc enlargement X. Thus there exists an exhaustion X 0 ⊂ X 1 ⊂ X 2 ⊂ · · · by finite sub-complexes of X with the property that π 1 (X j ) = π 1 (X j+1 , X j ) = 0, for all j ≥ 0. By restricting r to the 3-skeleton of X we can suppose that X is of dimension 3 (and actually 3-full, see [12] ), while r is a non-degenerate simplicial map.
Recall that Poenaru defined an equivalence relation Ψ(r) associated to a non-degenerate simplicial map r : X → W . We have that
is the smallest equivalence relation such that the induced map r : X/Ψ(r) → W is an immersion. Recall that f : P → W is an immersion if it has no singularities, i.e. points z ∈ P such that z ∈ σ 1 ∩ σ 2 for distinct simplices
There is an explicit formula for Ψ(f ) in [19] . But there exists a simple procedure for constructing Ψ(f ) recurrently: pick a singular point z of f and two distinct simplices σ i of the same dimension with z ∈ σ 1 ∩ σ 2 and f (σ 1 ) = f (σ 2 ). Identify σ 1 and σ 2 (this is called a folding map) and call the quotient P , which is endowed with a simplicial map f : P → W . Continue this procedure for the singularities of P and so on. If P is finite this procedure stops when we obtain an immersion. If P is infinite, then one it was shown in [19] that an appropriate choice of folding maps yields an infinite ascending sequence of equivalence relations whose union is Ψ(f ).
In the case of the retraction map r : X → W the main property of this equivalence relation is that it induces (for 3-full X) a simplicial isomorphism r : X/Ψ(r) → W (see ([20] , p.442,Proposition A)). Recall that X has the nice exhaustion X j . The main idea in [20] is to use the compactness in order to see that any compact K ⊂ W is covered by some X k /Ψ(r| X k ) such that the immersion r k : X k /Ψ(r| X k ) → W has no double points in K. Specifically K is covered by some r(X j1 ) (since r is proper) and r −1 (r(X j1 ) ⊂ X j2 by compactness. We can think of K as i(K) ⊂ i(W ) ∩ X j2 . Obviously if (x, y) ∈ M 2 (r) are double points of r and x ∈ i(K) then y ∈ Z j2 . The properness of r and the fact that Ψ(r) contains all double points of r imply that there exists j 3 such that Ψ(r| Xj 3 )| Xj 2 = {(x, y) ∈ X j2 × X j2 ; r(x) = r(y)} Then k = j 3 is convenient for us, since
and
is an immersion whose double points are far from X j1 . In particular K ∩ M 2 (r| Xj 3 ) = ∅.
We consider above the indices n i such that for each i, if we put j 1 = n i then j 3 = n i+1 .
We then have the families of simplicial immersions
where the first map is the obvious projection, while the second one is the natural inclusion. Notice that the first map is surjective and thus
because π 1 (X ni+1 , X ni ) = 0 and the relation Ψ does not create any nontrivial relative classes (see also [20] ).
Further recall that we have also the collection of immersions induced by r, namely r i = r| Xn i that are compatible with the p i .
The only problem with the family of spaces Y i = X ni /Ψ(r| Xn i is that these are just simplicial complexes and not manifolds with boundary. Nevertheless, we can replace Y i by the regular neighborhood Θ(Y i , r i ) associated to the immersion r i , viewed as generically immersed in W 3 (see [12] ).
Therefore the family of spaces Θ(Y i , r i ) and the associated immersions p i , r i yield a geometric Dehn exhaustible structure on W 3 .2
Proof of Proposition 3.2
The key-point is the following enhanced Dehn-type lemma:
Lemma 3.1. Let W 3 be a non-compact 3-manifold with boundary, K ⊂ W a compact and B ⊂ W a holed ball. Assume that there exist a simply connected 3-manifold with boundary M , an embedding i : K ∪ B → M and a generic immersion f : M → W such that
Then there exists a compact simply connected sub-manifold with boundary U ⊂ W such that K ∪ B ⊂ U and π 1 (U, B) = 0.
Proof. Using the tower argument from ( [20] , p.434-435) we reduce the problem to the case when f has no triple points. Let us prove the following simpler case: Lemma 3.2. Let K be a compact connected subset of M , where M is a compact 3-manifold with boundary ∂M consisting of spheres. Consider a generic immersion f : M → W into the non-compact simply connected 3-manifold W 3 , which is such that f has no triple points and f has none of its double points in K. Then there exists a compact manifold with boundary U ⊂ W whose boundary is made of spheres such that f (K) ⊂ U .
Proof. Following ( [20] , p.436-437) we consider the set S of double points of f that involve one point from M and the other from ∂M ; this is a 2-dimensional sub-manifold.
Suppose that ∂S = ∅. Any double circle from ∂S ⊂ ∂M bounds a 2-disk whose interior is disjoint from the other circles in ∂S. If the disk d is not made of double points then consider the circle γ ⊂ int(M ) that is paired with γ i.e. such that f (γ) = f (γ). Let us attach a 2-handle H to M along γ. We define f : M ∪ H → W by sending the core of the 2-handle H homeomorphically onto the 2-disk d. Since K ∩ d = ∅ the new map f can be made a generic immersion without double points in K.
Using repeatedly the procedure above we obtain a manifold M as above with the property that ∂S = ∅. Thus the double locus M 2 (f ) of f is a manifold of codimension zero in M whose boundary S is made of spheres which are grouped into pairs, each pair consisting of one sphere in int(M ) and the other one in ∂M . Consider a connected component Y ⊂ M 2 (f ) containing an interior sphere from S. We split M along Y and get a manifold Z having only spheres as boundary, one connected component being Y . Consider the connected component M of Z − Y that contains K.
By continuing this process we reduce the number of components of M 2 (f ). Eventually we obtain a manifold M for which f : M → W is an embedding and its boundary is made of spheres, as claimed.
We follow the proof of Lemma 3.2, and take care of the modifications made on the pair (M, i(B)). Cutting along an embedded disk d of double points does not affect the simple connectivity of (M, B) since d is included in a boundary component, and thus it is a subset of the sphere, and so it is unknotted.
Changing M by adding a new 2-handle along a circle disjoint from B preserve also π 1 (M, i(B)). Thus we can suppose that ∂S = ∅. Now, the main step is when we throw away the codimension manifold with boundary N = M 2 (f ) ⊂ M , whose boundary is made of spheres from ∂M and spheres inside int(M ).
The Poincaré conjecture implies that N is a holed sphere, like M . We have to prove that π 1 (M − N , B) = 0. First, the spheres from M − N ∩ N are in the interior of M . All such spheres are separating, since otherwise a non-separating interior sphere will create a nontrivial loop in M , contradicting its simple connectivity.
By excision we have a surjection π 1 (Fr(B) ) → π 1 (M − B). By using van Kampen in the decomposition M − B = M − (N ∪ B)) ∪ N it follows that the inclusion induces a surjection π 1 (Fr(B) ) → π 1 (M − (N ∪ B) ), and thus π 1 (M − N, B) = 0, as claimed.
Therefore all steps in descending the tower can be performed in such a way that π 1 (M, B) = 0. This proves the claim.
The rest of the proof is the same as in [20] .
Proof of Theorem 1.2
We first prove that Proposition 3.4. If Γ is P3R and qsf then there exists a 2-polyhedron X with fundamental group Γ such that X is pl-gsc and proper homotopy equivalent to a 3-manifold W 3 .
Proof. Assume that Γ is P3R, so there exists a 2-polyhedron X such that π 1 (X) = Γ and X is proper homotopy equivalent to a non-compact 3-manifold W 3 . In general, W 3 has boundary. Observe that there always exists a 4-manifold Z which is proper homotopy equivalent to X since the latter can be embedded into R 4 .
Since Γ is qsf for any polyhedron Y with fundamental group Γ we have that Y is qsf. In particular this happens when Y is a closed 5-manifold, and thus Y is an open 5-manifold. From standard transversality results (see e.g. the argument in [14] ) it follows that Y is gsc and thus, after triangulating Y it is also pl-gsc. The pl-gsc property is preserved when passing to the 2-skeleton. This means that the 2-skeleton Z of Y has the property that Z is pl-gsc.
It was proved in [2] , as an application of Whitehead's theorem, that after taking the wedge product with one 2-sphere the space Z S 2 is proper homotopy equivalent to a 3-manifold. Moreover, the explicit arborescent structure of the Z S 2 which is made of a copies of Z with a number of S 2 's attached on it, shows that Z S 2 is also pl-gsc. Then X = Z S 2 has the required properties.
We now have a 3-manifold W 3 which is proper homotopy equivalent to the pl-gsc polyhedron X. By Theorem 1.1 the manifold W 3 is homeomorphic to the standard model. In particular, W 3 has semi-stable ends and its pro-groups at infinity are pro-finitely generated free, as claimed.2
